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APPLICATION 

of napier's rules for solving the cases of right-an- 
gled spheric trigonometry to several cases of 
oblique-angled spheric trigonometry. 

By NATHANIEL BOWDITCH, a. m. et a. a. s. 



B 



>Y the celebrated rules of Lord Napier the whole of Right- 
Angled Spheric Trigonometry is reduced to two simple analogies or 
equations, which, being very easy to be remembered, are much made 
use of by mathematicians. The object of the present memoir is to 
point out a small alteration in the expression of those rules, so that 
they may include the solutions of most of the cases of Oblique- Angled 
Spheric Trigonometry in a more simple manner than in their original 
form. 

In every Right- Angled Spheric Triangle there are five circular 
parts ; namely, the two legs, the complement of the hypotenuse, and 
the complements of the two oblique angles, which are named adjacent 
or opposite, according to their positions with respect to each other* 
The right angle is not inbltided as one of the circular parts, neither is 
it supposed to separate the legs. In all cases of Right- Angled Sphe- 
ric Trigonometry two of these parts are given to find a third. If the 
three parts join, that, which is in the middle, is called the middle part : 
if they do not join, two of them must, and the other part, which is sepa- 
rate, is called the middle part, and the other two, opposite parts, as in 
Fig. 1, 2. Then, putting the radius equal to unity, the equat' ■— 
given by Napier will become 

Sine of middle part = Rectangle of the tangents of the adjacent parts* 
= Rectangle cf the cosines of the opposite parts* 
B 
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The method of applying these solutions to the various cases of 
Right- Angled Spheric Trigonometry is very simple, and is explained 
in several treatises of Trigonometry. 

To apply this method to Oblique- Angled Spheric Trigonometry 
it is necessary to divide the triangle into two right-angled spheric tri- 
angles by means of a perpendicular AP (Fig. 3) let fell from the point 
A upon the opposite side BC : the perpendicular being so chosen as to 
make two of the given things Jail in one of the right-angled triangles** 
Each triangle thus formed contains, as above, five circular parts, 
the perpendicular being counted and bearing the same name in each 
of them; consequently the parts of each triangle similarly situated with 
respect to the perpendicular must have the same name. In every 
case of Oblique- Angled Spheric Trigonometry there are three parts 
given to find a fourth, and in most of the cases there are two of these parts 
ineach of the triangles ACP, ABP, similarly situated with respecttoeach 
other. To each of these must be joined the perpendicular AP, and there 
will be three parts in each triangle, which are to be named middle, adja- 
cent l , or opposite, according to the above directions. Then the equations 
for solving all the cases of Right- Angled, and most of the cases of Ob- 
lique- Angled Spheric Trigonometry! are 

o- -jji ^ S = ? Tangents of the adjacent parts. 

Sine imddle part^ oc^ Cosi | es of ^ 0pp J site p ^ s 

These equations, when applied to Right- Angled Spheric Triangles, 

• Or in other words the perpendicular ought to be let fall from the end of a 
given side and opposite to a given angle. When this can be done in two different 
ways, that one is to be rejected, which makes the perpendicular a middle part- 
Thus in Example 3 the perpendicular ought not to be let fall from the point B. 

f The cases excepted are where three sides or three angles are given ; or 
where the question relates to two angles and their opposite sides. It may be prop- 
er to observe, that it will be of considerable assistance in remembering the above 
rules to take notice of the circumstance, that the second letters of the words tan* 
gent and cosine are the same as the first letters of adjacent and ofiflosite. 
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signify, as before, that the sine of the middle part is equal to the rectan- 
gle of the tangents of the adjacent parts, or to the rectangle of the co- 
sines of the opposite parts ; but when applied to an Oblique- Angled 
Triangle, they signify, that the sines of the middle pails are res- 
pectively proportional to the tangents of the adjacent parts, or to the 
cosines of the opposite parts of the same triangle ; observing, that the 
perpendicular being common to both triangles APB, APC, and hav- 
ing the same name in each of them cannot be made use of in the anal- 
ogies, and must not therefore be counted as a middle part. This cir- 
cumstance can produce no embarrassment, because all the cases 
in Oblique Spheric Trigonometry may be solved without calculating 
the length of the perpendicular. 

These rules for solving the cases of Oblique Spheric Trigonometry 
are easily deduced from those given by Lord Napier. For if we put 
M for the middle part, A for the adjacent part, and B for the opposite 
part of the triangle APC (Fig. 3, 4, or 5), m, a, b, for the correspond- 
ing parts of the triangle APB, and P for the perpendicular AP. Then, 
if P is an adjacent part, we shall have by Napier's rules, tang. P= 

sine M . ^ Sine m , Sine M Sine m ^^„ c ^„ mi .t ¥J . 

r , and tans:. P =*= , hence - - K = - , consequently 

tang. A' & tang, a* tang. A tang, a 7 ^ J 

Sine M : tang. A t: sine m : tang, a ; and if P is an opposite part, we 

^ Sine M , ^» sine m ^ T sine M 
shall have, cos. P= f . R , and cos. P= — — . Hence -=* 



Cos. B ' cos. b 



sine m 



, consequently sine M : cos* B :: sine m : cos. b. Which are 

cos. b * J 

the two propositions to be demonstrated. 

To illustrate these rules the following examples are given* 

feXAMPLE 1. 

Given AB, AC, and the angle C, to find BC, Fig. 3. 
In the right-angled triangle ACP we have AC and C ; whence we 
May find PC by the rule, sine of middle part *== tangents adjacent parts* 
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which gives(as in Fig* 2) sine (eo. C)=tang. PCxtang.(co. AC), whence 
tang. PC=cos. C x tang. AC. Then in the triangles ABP, APC, we 
have AB, AC and PC to find BP, and if to these we join the perpen- 
dicular AP, we shall find, in the triangle APC, that the complement of 
AC is the middle part and PC an opposite part. The triangle ABP 
is to be marked in a similar manner. Then the rule, Sine middle 
part cc cosines of the opposite parts, gives Sine (co. AC) : cos. 
PC : : sine (co. AB) : cos. BP. Having found BP we have BC 



= BP + PC. 



EXAMPLE 2. 



Given BC, AC, and the angle C, to find AB. Fig. 3. 
As in the last example we find PC, thence BP = BC + PC. 
Then in the triangles APC, ABP we have AC, PC and PB to find 
AB, which requires that the triangles should be marked as in the last 
example, and the rule 

Sine middle part cc cosines of opposite parts, gives sine (co. AC) : 
cos. PC : : sine (co. AB) : cos. BP, whence we obtain cos. PC : 
cos. AC : : cos. BP : cos. AB. 

EXAMPLE. 3. 

Given AC, BC and the angle C to find the angle B. Fig. 4. 
Find PC, PB, as in the preceding example, then the rule, sine mid- 
dle part oc tangents of adjacent parts gives sine PC : tang. (co. C) : : 
sine BP : tang. (co. B). 

EXAMPLE 4. 

Given the angles A and C and the side AC to find AB. Fig. 5. 

In the right angled triangle ACP we have AC and the angle C, 

whence we may find the angle PAC by the rule, Sine middle part 

= tangents adjacent parts, which gives, (as in fig. 1.) Sine (co. AC) 
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=» tang. (co. C) X tang. (co. PAC), or cotang. PAC = cos. AC x 
tang. C, whence we have BAP = BAC % PAC. Then in the trian- 
gles ABP f APC we have the angles PAC, BAP, and the side AC, to 
find AB ; and if to these we join the perpendicular AP we shall find, in 
the triangle APC, that the complement of the angle PAC is the middle 
part and the complement of AC is an adjacent part ; and the trian- 
gle APB is to be marked in a similar manner. Whence the rule, 
Sine middle part oc tangents adjacent parts, gives sine (co, PAC) : 
tang. (cQ.AC) :: sine(co.PAB) : tang. (ca. AB). 

In the same manner we may proceed with any other examples ; 
taking care always to exclude the perpendicular from the analogies. 

This method embraces all the cases of Spheric Trigonometry ex- 
cepting two; namely, where the question is between two sides 
and the opposite angles of an oblique angled triangle, or where three 
sides are given to find an angle. The first of these may be solved by 
the noted rule, that the sine of a side is proportional to the sine of its 
opposite angle. Thus if AB, AC, and B were given to find C, we 
should have sine AC : sine B :: sine AB : sine C. The case 
where three sides are given includes that where three angles are given, 
by taking the supplementary triangle. The usual rule for finding one 
of the angles as B, when the three sides AB, AC, BC are given, is by 
putting s = | ( AB -f AC + BC) then 

Log. cos. | B==|x j log. sine s+log. sine s-AC+Iog. cosec. AB+Iog. cosec. BC I 
Both these excepted cases occur so frequently in practice that it be- 
comes quite easy to remember the rules for solving them, and if to 
these we join the rules of Napier, altered in the manner we have here 
suggested, it will be very easy to remember all the rules necessary for 
solving the various cases of right-angled and oblique-angled Spheric 
Trigonometry, 
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